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Abstract
Basic properties of alternative flow equation in Quantum Gravity are studied. It is shown
that the alternative flow equation for effective two-particle irreducible effective action is
gauge independent and does not depend on IR parameter k on shell.
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1 Introduction
Being popular among the functional renormalization group (FRG) community the standard
formulation of the FRG approach [1, 2] (among recent reviews of the method see, for example,
[3]) meets with the very serious gauge dependence problem of the effective average action as
within the perturbation theory [4] as well as on the level when it is found as a non-perturbative
solution to the flow equation making impossible physical interpretations of any results obtained
in gauge theories with the help of effective average action [5, 6].
Recently it has been proposed [7] and studied [8] alternative methods in comparison with
[4] when the regulators being essential tools of the FRG are considered as sources to composite
operators. It differs with the standard introduction of external sources to composite operators
[9] (generalizations to the case of gauge theories have been proposed in [10, 11, 12]) when
they are usual functions of space-time coordinates instead of the regulators which are some
differential operators in general [13]. In contrast with the standard FRG [1, 2] the alternative
methods [7, 8] lead to the 2PI effective average actions which have good properties within
the perturbation theory. Unfortunately they still unacceptable on the non-perturbative level
because solutions to corresponding flow equations depend on gauge at any value of the IR
parameter k including the fixed points [8].
In the present paper we are going to extend the reformulation of the FRG proposed in [4] for
Yang-Mills fields to the case of gravity theories and to study basic properties of corresponding
flow equation. The paper is organized as follows. In Sec. 2 the properties of effective action on
an arbitrary background metric for gravity theories in the standard quantization scheme [16] are
presented. In Sec. 3 the gauge dependence problem of 2PI irreducible effective average action
for Quantum Gravity within the perturbation theory is discussed. In Sec. 4 the derivation of
alternative flow equation for the effective action with composite operators and its k-dependence
are given. In Sec. 5 the gauge dependence of the alternative flow equations is investigated.
Finally, in Sec. 6 the results obtained in the paper are discussed.
The DeWitt’s condensed notations [14] are used. We employ the notation ε(A) for the
Grassmann parity of any quantity A. The functional derivatives with respect to fields and
sources are considered as right and left correspondingly. The left functional derivatives with
respect to fields are marked by special symbol ”→ ”. Arguments of any functional are enclosed
in square brackets [ ], and arguments of any function are enclosed in parentheses, ( ). The
symbol F,i[φ, ...] means the right derivative of F [φ, ...] with respect to field φ
i.
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2 Effective action for gravity theories
We start with an arbitrary initial action S0[g] of the metric tensor g = {gµν}.2 We suppose the
invariance of S0[g],
δξS0[g] = 0, (2.1)
under general coordinate transformations which infinitesimally take the form of gauge trans-
formations of gµν
δξgµν = −∂σgµνξσ − gµσ∂νξσ − gσν∂µξσ = Rµνσ(g)ξσ, (2.2)
where ξσ are arbitrary functions of space-time coordinates and Rµνσ(g) are the gauge generators
satisfying the closed and irreducible gauge algebra (for detailed description see [15]),
[δξ1 , δξ2]gµν = δξ3gµν , ξ
σ
3 = F
σ
αβξ
β
2 ξ
α
1 = ξ
σ
1 ∂αξ
α
2 − ξσ2 ∂αξα1 . (2.3)
In (2.3) F σαβ are structure coefficients of gauge algebra which do not depend on fields gµν and
have the universal form for any gravity theory.
On quantum level one operates with the action
S[φ, g¯] = S0[h + g¯] + Sgh[φ, g¯] + Sgf [φ, g¯], (2.4)
appearing in the Faddeev-Popov method [16]. Here the decomposition of g, g = h + g¯, on
a background metric g¯ = {g¯µν} and quantum fluctuation h = {hµν} is used. In (2.4) φi =
(hαβ , B
α, Cα, C¯α) is the set of quantum fields, Cα, C¯α are the ghost and antighost fields, Bα
are auxiliary Nakanishi-Lautrup fields for introducing the gauge fixing functions, χα(g¯, h). A
standard choice of χα(g¯, h) corresponding to the background field gauge condition in linear
gauges [17] reads
χα(g¯, h) = Fµνα (g¯)hµν , Fµνα (g¯) = −g¯µσ
(
aδνα∇¯σ + bδνσ∇¯α
)
, (2.5)
where ∇¯σ is the covariant derivative constructed with the help of g¯µν and a, b are constants.
The de Donder gauge condition corresponds to the case when a = 1, b = 1/2. Sgh[φ, g¯] is the
ghost action,
Sgh[φ, g¯] =
∫
dx
√
−detg¯ C¯αGβγα (g¯, h)Rβγσ(g¯ + h)Cσ, (2.6)
with the notation
Gβγα (g¯, h) =
δχα(g¯, h)
δhβγ
, (2.7)
2Standard examples are Einstein gravity, S0(g) = κ
−2
∫
dx
√−detg R, and R2 gravity, S0(g) =∫
dx
√−detg (λ1R2 + λ2RµνRµν + κ−2R).
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and Sgf [φ, g¯] is the gauge fixing action
Sgf [φ, g¯] =
∫
dx
√
−detg¯ Bαχα(g¯, h). (2.8)
For any admissible choice of gauge fixing functions χα(g¯, h) the action (2.4) is invariant
under global supersymmetry (BRST symmetry) [18, 19], 3
δBhµν = Rµνα(g¯ + h)C
αΛ, δBB
α = 0, δBC
α = −Cσ∂σCαΛ, δBC¯α = BαΛ, (2.9)
where Λ is a constant Grassmann parameter.
The generating functional of Green functions, Z = Z[J, g¯], is constructed in the form of
functional integral
Z[J, g¯] =
∫
Dφ exp
{ i
~
(
S[φ, g¯] + Jφ
)}
= exp
{ i
~
W [J, g¯]
}
, (2.10)
where W = W [J, g¯] is the generating functional of connected Green functions and J = {Ji}
is the set of external sources to fields φ = {φi}. The generating functional of vertex functions
(effective action), Γ = Γ[Φ, g¯], is defined through the Legendre transform of W ,
Γ[Φ, g¯] =W [J, g¯]− JΦ, Φi = δW
δJi
,
δΓ
δΦi
= −Ji (2.11)
and can be found as a solution to the following functional integro-differential equation,
exp
{ i
~
Γ[Φ, g¯]
}
=
∫
Dφ exp
{ i
~
(
S[Φ + φ, g¯]− δΓ[Φ, g¯]
δΦ
φ
)}
. (2.12)
The generating functionals Z,W,Γ depend on gauges but due to the BRST symmetry the
gauge dependence has a very special form and for variation δΓ under an infinitesimal change
of gauge fixing functions, χ→ χ+ δχ, obeys the property
δχΓ
∣∣∣
δΓ
δΦ
=0
= 0, (2.13)
i.e. it does not depend on gauges when it is considered on extremals. For the first time the
gauge dependence of effective action for gravity theories in the form (2.13) has been described
in [23] (for more early descriptions of gauge dependence of effective action in gauge theories
see papers [24, 25, 26, 27, 28]). This fact allows to state the gauge independence of S-matrix
thanks to the equivalence theorem [29]. Among other important properties being very useful
in practical calculations within the background field method [30, 31, 32] the functionals
Z[g¯] = Z[J = 0, g¯], W [g¯] = W [J = 0, g¯], Γ[g¯] = Γ[Φ = 0, g¯] (2.14)
3The gravitational BRST transformations were introduced in [20, 21, 22]. For more compact presentation of
the BRST transformations we use the notation δB for δBRST .
4
are covariant functionals with respect to g¯,
δξZ[g¯] = 0, δξW [g¯] = 0, δξΓ[g¯] = 0, (2.15)
as well as they do not depend on gauges
δχZ[g¯] = 0, δχW [g¯] = 0, δχΓ[g¯] = 0, (2.16)
as the direct consequences of the BRST invariance of action S[φ, g¯] [33].
3 Gauge dependence of modified effective average action
The effective average action of the FRG [1, 2] is ill-defined perturbatively in the case of Yang-
Mills theories [4, 6] and gravity theories [15] because of the gauge dependence of effective average
action on-shell. To improve the situation for Quantum Gravity we apply the background field
method [30, 31, 32] 4 and the formulation of effective action with composite operators [9, 10, 11]
for construction of modified effective average action in the form used for the first time in the
case of Yang-Mills theories in [4].
With the help of addition of a scale-dependent regulator action, Sk, being quadratic in the
quantum fields, the FRG modifies behavior of propagators of quantum fields in IR and UV
regions [1, 2]. In the case of Quantum Gravity the scale-dependent regulator action takes the
form [13]
Sk(φ, g¯) =
∫
dx
√
−detg¯
[1
2
hµνR
(1)µν αβ
k (g¯)hαβ + C¯
αR
(2)
k αβ(g¯)C
β
]
≡
≡
∫
dx
√
−detg¯(L(1)k (h, g¯) + L(2)k (C, C¯, g¯)), (3.1)
where R
(1)µν αβ
k (g¯), R
(2)
k αβ(g¯) are regulators with properties
R
(1)µν αβ
k (g¯) = R
(1)αβµν
k (g¯), lim
k→0
R
(1)µν αβ
k (g¯) = 0, lim
k→0
R
(2)
k αβ(g¯) = 0. (3.2)
On quantum level the FRG operates with the full action
SWk[φ, g¯] = S[φ, g¯] + Sk[φ, g¯], (3.3)
where S[φ, g¯] is defined in (2.4) - (2.8). The action SWk[φ, g¯] (3.3) is not invariant under the
BRST transformations (2.9) that leads to the gauge dependence problem within the FRG for
Quantum Gravity [15].
As it was already mentioned above to improve the situation we propose following to [4] the
generating functional of Green functions Zk = Zk[J, g¯,Σ] in the form
Zk =
∫
Dφ exp
{ i
~
(
S[φ, g¯] + Jφ+ ΣLk(φ, g¯)
)}
, (3.4)
4For recent development of the background field method see [34].
5
where Σ = (Σ1,Σ2) are external sources to composite fields Lk(φ, g¯) = (L(1)k (h, g¯),L(2)k (C, C¯, g¯))
and J = {Ji} are external sources to fields φ = {φi}.
Now we are going to study dependence of the functional Zk[J, g¯,Σ] (3.4) on gauges. To
simplify the corresponding presentation it is useful to rewrite the action S[φ, g¯] in the form
S[φ, g¯] = S0[h+ g¯] + Ψ[φ, g¯]Rˆ[φ, g¯] (3.5)
with the help of gauge fixing functional Ψ[φ, g¯]
Ψ[φ, g¯] =
∫
dx
√
−detg¯ C¯αχα(g¯, h), (3.6)
containing all information about gauge fixing, and with the generator of BRST transformations
(2.9)
Rˆ[φ, g¯] =
∫
dx
←−
δ
δφi
Ri(φ, g¯), Ri(φ, g¯) =
(
Rµνσ(g¯ + h)C
σ, 0 ,−Cσ∂σCα, Bα
)
. (3.7)
Consider an infinitesimal variation of gauge fixing functions, χα(g¯, h) → χα(g¯, h) + δχα(g¯, h)
which causes the variation of gauge fixing functional, Ψ[φ, g¯] → Ψ[φ, g¯] + δΨ[φ, g¯]. Let us tem-
porally introduce the notations SΨ[φ, g¯] = S[φ, g¯] and ZkΨ = Zk to stress essential dependence
of S[φ, g¯] and Zk on gauge fixing procedure. In the functional integral
ZkΨ+δΨ =
∫
Dφ exp
{ i
~
(
SΨ[φ, g¯] + δΨ[φ, g¯]Rˆ[φ, g¯] + Jφ+ ΣLk(φ, g¯)
)}
, (3.8)
we make use the change of integration variables in the form of BRST transformations but
trading the constant parameter Λ by functional
Λ[φ, g¯] =
i
~
δΨ[φ, g¯]. (3.9)
Taking into account the corresponding Jacobian
J [φ, g¯] = exp
{
− i
~
δΨ[φ, g¯]Rˆ[φ, g¯]
}
, (3.10)
omitting the subscript Ψ we obtain the following equation
δZk =
i
~
(
Ji + ΣLk,i(q̂, g¯)
)
Ri(q̂, g¯)δΨ[q̂, g¯] Zk (3.11)
describing the gauge dependence of the functional Zk = Zk[J, g¯,Σ]. In (3.11) the notations
Lk,i(φ, g¯) = ∂Lk(φ, g¯)
∂φi
, q̂ i = −i~ δ
δJi
(3.12)
are used. From (3.11) it follows the important statement that the gauge dependence of
Zk[J, g¯,Σ] disappears when external sources are switched off, Ji = Σ1 = Σ2 = 0.
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In terms of the generating functional of connected Green functions, Wk = Wk[J, g¯,Σ] =
−i~ lnZk[J, g¯,Σ], the relation (3.11) takes the form
δWk =
(
Ji + ΣLk,i(Q̂k, g¯)
)
Ri(Q̂k, g¯)δΨ[Q̂k, g¯] · 1, (3.13)
where
Q̂ ik = q̂
i +
δWk
δJi
. (3.14)
Modified effective average action, Γk = Γk[Φk, g¯, Fk], is introduced through the double
Legendre transform of Wk
Γk[Φk, g¯, Fk] =Wk[J, g¯,Σ]− JiΦik − Σℓ
(L(ℓ)k (Φk, g¯) + ~F ℓk), (3.15)
Φik =
δWk
δJi
, ~F ℓk =
δWk
δΣℓ
− L(ℓ)k
(δWk
δJ
, g¯
)
, ℓ = 1, 2. (3.16)
From (3.15), (3.16) it follows
δΓk
δΦik
= −Ji − ΣℓL(ℓ)k,i(Φk, g¯),
δΓk
δF ℓk
= −~Σℓ. (3.17)
Let us introduce the full sets of fields FAk and sources JA according to
FAk = (Φik, ~F ℓk) , JA = (Ji, ~Σℓ). (3.18)
From the condition of solvability of equations (3.17) with respect to the sources J and Σ, it
follows that
δFCk (J )
δJB
−→
δ JA(Fk)
δFCk
= δBA . (3.19)
One can express JA as a function of the fields in the form
JA =
(
− δΓk
δΦik
− δΓk
δF ℓk
δLℓk(Φk, g¯)
δΦik
, − δΓk
δF ℓk
)
(3.20)
and, therefore,
(G
′′−1
k )
AC(G
′′
k)CB = δ
A
B,
−→
δ JB(Fk)
δFAk
= −(G′′k)AB ,
δFBk (J )
δJA = −(G
′′−1
k )
AB . (3.21)
Taking into account that due to the Legendre transform
δWk = δΓk, (3.22)
the equation (3.13) in terms of modified effective average action, Γk = Γk[Φk, g¯, Fk], rewrites as
δΓk = −
( δΓk
δΦik
+
1
~
δΓk
δFk
(Lk,i(Φk, g¯)− Lk,i(Φ̂k, g¯)))Ri(Φ̂k, g¯)δΨ[Φ̂k, g¯] · 1, (3.23)
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where
Φ̂ik = Φ
i
k + i~(G
′′−1
k )
iB
−→
δ
δFBk
. (3.24)
From (3.24) it follows
δΓk
∣∣∣
δΓk
δFk
=0
= 0 (3.25)
the gauge independence of modified effective average action calculated on the its extremals. This
very important property of Γk is found within the standard perturbation theory accepted in
Quantum Field Theory for evaluation of functional integrals. In its turn the FRG is considered
as non-perturbative approach to quantum field theories when the effective average action should
be found as a solution to the flow equation. Quite recently [5] it was proved that the effective
average action depends on gauge at every value of the IR parameter k including the fixed points
making impossible physical interpretation of any results obtained in the standard formulation of
the FRG for gauge theories. One meets with the same drawback considering the reformulation
of the method based on the 2PI effective action when regulators are considered as sources to
composite fields [7, 8]. In the next section we are going to introduce an alternative flow equation
and to study its k-dependence.
4 Alternative flow equation and k-dependence
The flow equation in the FRG is the basic relation describing the dependence of the effective
average action on the IR parameter k. Let us derive an alternative flow equation for the 2PI
effective action (3.15). To do this we start with differentiating the functional Zk = Zk[J, g¯,Σ]
(3.4) with respect to k and taking into account that only quantities Lk(q̂, g¯) through the regu-
lators Rk(g¯) depend on k, we obtain the flow equation for the functional Zk
∂kZk =
i
~
Σ ∂kLk(q̂, g¯)Zk. (4.1)
In terms of the generating functional of connected Green functionsWk =Wk[J, g¯,Σ] = −i~ lnZk,
the relation (4.1) rewrites in the form
∂kWk = Σ ∂kLk(Q̂k, g¯) · 1, (4.2)
In terms of the modified effective average action, Γk = Γk[Φk, g¯, Fk] the relation (4.2) takes the
form
∂kΓk = − δΓk
~δFk
∂kLk(Φ̂k, g¯) · 1, (4.3)
From (4.3) it follows
∂kΓk
∣∣∣
δΓk
δFk
=0
= 0. (4.4)
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The modified flow equation obeys the independence on the IR parameter k when it is considered
on extremals,
δΓk
δF ℓk
= 0, ℓ = 1, 2. (4.5)
This fact gives a hope that calculations with the modified effective average action at the fixed
points may have a physical meaning sense in contrast with the standard FRG.
In the next section we will study the gauge dependence problem for the alternative flow
equation.
5 Gauge dependence of alternative flow equation
Taking into account that functions L(1)k (h, g¯) and L(2)k (C, C¯, g¯) do not depend on gauges from
(3.1) it follows that the gauge dependence of alternative flow equation for the functional Zk is
described by the equation
δ
(
∂kZk
)
=
i
~
Σ ∂kLk(q̂, g¯)δZk, (5.1)
or using (3.11) as
δ
(
∂kZk
)
=
( i
~
)2
Σ ∂kLk(q̂, g¯)
(
Ji + ΣLk,i(q̂, g¯)
)
Ri(q̂, g¯)δΨ[q̂, g¯] Zk. (5.2)
We find an inspected fact that the gauge dependence of flow equation disappears already when
external sources to composite fields are switched off, Σ1 = Σ2 = 0. The alternative flow
equation for the functional Wk reads
δ
(
∂kWk
)
=
i
~
(
Σ ∂kLk(Q̂k, g¯)− ∂kWk
)
δWk, (5.3)
or in the form
δ
(
∂kWk
)
=
i
~
Σ
(
∂kLk(Q̂k, g¯)− ∂kLk(Q̂k, g¯) · 1
)(
Ji + ΣLk,i(Q̂k, g¯)
)
Ri(Q̂k, g¯)δΨ[Q̂k, g¯] · 1. (5.4)
In terms of the modified effective average action the gauge dependence of alternative flow
equations can be presented as
δ
(
∂kΓk
)
=
i
~
(
− δΓk
~δFk
∂kLk(Φ̂k, g¯)− ∂kΓk
)
δΓk, (5.5)
or as
δ
(
∂kΓk
)
= − i
~2
δΓk
δFk
(
∂kLk(Φ̂k, g¯)− ∂kLk(Φ̂k, g¯) · 1
)×
×
( δΓk
δΦik
+
1
~
δΓk
δFk
(Lk,i(Φk, g¯)− Lk,i(Φ̂k, g¯)))Ri(Φ̂k, g¯)δΨ[Φ̂k, g¯] · 1. (5.6)
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From (5.5), (5.6) it follows
δ
(
∂kΓk
)∣∣∣
δΓk
δFk
=0
= 0. (5.7)
Therefore, the flow equation is gauge independent on extremals,
δΓk
δF ℓk
= 0, (5.8)
and as well as additionally obeys the independence on the IR parameter k. These facts give a
possibility for consistent application of the proposed quantization procedure in gauge theories
to obtain physical meaning results. It is interesting to note that the gauge independence of Γk
found as a solution to the flow equation is expected with use only a part of the equations of
motion (5.8). In its turn the independence of the flow equation on the IR parameter k at the
extremals (5.8) can be considered as a signal about k-independence of Γk at the fixed points.
6 Summary
We have studied basic properties of the flow equation in gravity theories within reformulation
of the standard FRG [1, 2] when following ideas of [4] the 2PI effective action with composite
fields being densities of the regulator action is introduced. In contrast with the standard FRG
[1, 2] and alternative approaches [7, 8] the proposed reformulation leads to the 2PI effective
average action which possesses standard properties of gauge dependence in the perturbation
theory and satisfies the alternative flow equation being k- and gauge independent at extremals.
Speaking about possible reformulations of the standard FRG it is necessary to notice the papers
[35, 36] where the quantization procedure is based on gauge invariant regularization of an initial
classical action which guarantees the BRST symmetry and the gauge independence of S-matrix
elements. Unfortunately absence of explicit procedure to arrive the gauge invariance of regular-
ized initial action does not allow to consider this approach as a consistent quantization method
[37]. Therefore at the moment we state that the proposed reformulation of the standard FRG
should be considered as non-perturbative quantization of gauge theories successfully passing
through the gauge dependence tests.
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